
On different approaches to the 
problem of motion in General 
Relativity 

Dennis Lehmkuhl, Einstein Papers Project, Caltech 
 



2 equations are at the heart of GR 

d

d

2
x⌧

ds

2
+ �⌧

µ⌫
dxµ

ds

dx⌫

ds

= 0

The	geodesic	
equation:	

The	Einstein	field	
equations:	

Gµ⌫ = Tµ⌫



The problem of motion 1916 and 1927 

Is	it	the	case	that	all	we	need	to	know	to	find	out	how	Mercury	is	
moving	is	the	gravitational	field	of	the	sun?	
	
Einstein	1916:	No.			
Einstein	1927:	Yes.	



The Einstein-Grommer paper of 1927 
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Einstein and Grommer on three ways of relating 
field equations and equations of motion 

1.  Newtonian:	Poisson's	equation	for	the	dynamics	of	
gravitational	fields	and	the	equation	of	motion	for	
particles	subject	to	a	gravitational	field	have	to	be	
postulated	independently.		

2.  Maxwellian:	Maxwell’s	equations	for	the	dynamics	of	the	
electromagnetic	field	and	the	Lorentz’	equation	of	motion	
for	particles	subject	to	an	electromagnetic	field	have	to	be	
postulated	independently;	but	the	electromagnetic	field	
enters	the	equations	of	motion.		

3.  The	new	way:	In	a	non-linear	theory	like	GR,	there	is	a	
chance	that	the	equations	of	motion	are	so	strongly	
constrained	by	the	field	equations	that	they	actually	follow	
from	them.	

		
	



Einstein and Grommer’s three ways applied to 
GR. 

1.  Newtonian:	The	gravitational	field	
equations	of	empty	space		and	the	
equations	of	motion	for	material	particles	
(the	law	of	geodesic	motion)	are	
postulated	independently.		



The Newtonian way applied to GR  
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Einstein and Grommer’s three ways applied to 
GR. 

2.	Maxwellian:	``The	second	approach	
complements	the	field	law	by	introducing	the	
energy	tensor	of	matter	[...]	The	energy	
tensor								must	be	expressed	in	terms	of	
some	(continuous)	fields,	and	the	equations	
determining	the		behaviour	of	the	latter	have	
to	be	found;	only	then	the	theory	is	
complete.’’	
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The Maxwellian way applied to GR  
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Energy	momentum	
conservation:	

rµTµ⌫ = 0



Einstein and Grommer’s three ways applied to 
GR. 

3.	The	new	way:	In	a	non-linear	theory	like	
GR,	the	field	of	one	body	described	by	a	
solution	to	the	field	equations	strongly	
constrains	the	field	another	body	can	have,	if	
the	composite	system	is	supposed	to	be	a	
solution	to	the	field	equations,	too.	Ideally,	
the	constraining	is	so	tight	that	it	amounts	to	
determining	the	field	of	the	second	body.			



The new way applied to GR  
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Ø  BUT	there	is	a	price	to	pay:	
matter	is	represented	by	
singularities.	



Two	questions	now:	
	
a.)	Why	did	Einstein	prefer	the	third	way	over	the	second	way?	
Most	attempts	at	deriving	the	geodesic	equation	from	the	field	
equations	 before	 and	 after	 went	 via	 the	 energy-momentum	
tensor,	and	avoided	singularities.		
	
b.)	 How	 did	 the	 Einstein-Grommer	 approach	 come	 about?	
What	changed	between	1916	and	1927?	
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Marble and Wood 

	``[GR]	is	sufficient	---	as	far	as	we	know	---	for	
the	observation	of	the	observed	facts	of	celestial	
mechanics.	But	it	is	similar	to	a	building,	one	wing	of	
which	is	made	of	fine	marble	(left	part	of	the	
equation),	but	the	other	wing	of	which	is	built	of	low-
grade	wood	(right	side	of	equation).	The	
phenomenological	representation	of	matter	is,	in	
fact,	only	a	crude	substitute	for	a	representation	
which	would	do	justice	to	all	known	properties	of	
matter.		’’			Einstein	(1936)	
	
	
	
	



Einstein and the geometric interpretation, 1925 

``I	cannot,	namely,	admit	that	the	assertion	that	the	theory	of	
relativity	traces	physics	back	to	geometry	has	a	clear	meaning.		[...]	
The	fact	that	the	metric	tensor	is	denoted	as	``geometrical''	is	
simply	connected	to	the	fact	that		this	formal	structure	first	
appeared	in	the	area	of	study	denoted	as	``geometry''.	However,	
this	is	by	no	means	a	justification	for	denoting	as	``geometry''	every	
area	of	study	in	which	this	formal	structure	plays	a	role,	not	even	if	
for	the	sake	of	illustration	one	makes	use	of	notions	which	one	
knows	from	geometry.	Using	a	similar	reasoning	Maxwell	and	Hertz	
could	have	denoted	the	electromagnetic	equations	of	the	vaccuum	
as	``geometrical''	because	the	geometrical	concept	of	a	vector	
occurs	in	these	equations.'’			Einstein	(1927),	Review	of	Meyerson.	
(See		Lehmkuhl	[2014]	for	analysis	and	similar	quotes	from	other	
decades.)	



Marble and Wood 

	``[GR]	is	sufficient	---	as	far	as	we	know	---	for	the	
observation	of	the	observed	facts	of	celestial	mechanics.	But	it	is	
similar	to	a	building,	one	wing	of	which	is	made	of	fine	marble	
(left	part	of	the	equation),	but	the	other	wing	of	which	is	built	of	
low-grade	wood	(right	side	of	equation).	’’			Einstein	(1936)	
	
``I	wonder	if	the	equation																						still	has	any	reality	left	
within	itself,	especially	when	facing	quanta.	I	doubt	it,	strongly.	
However,	the	left	hand	side	surely	contains	a	deeper	truth.	If	the	
equations																		really	determine	the	behaviour	of	the	
singularities,	then	the	law	governing	this	behaviour	would	be	
rooted	in	a	much	deeper	reason	than	the	former	equation,	
which	is	not	unified	and	of	only	a	phenomenogical	kind.'’		
Einstein	to	Besso,	11	August	1926	
	
	
	

Gµ⌫ = Tµ⌫

Rµ⌫ = 0



Why is        `just a phenomenological 
representation of matter?   

•  Already	in	the	1916	review	paper	on	GR,	Einstein	insisted	that	GR	does	not	change	
anything	about	the	special	relativistic	theory	of	matter;	GR	incorporates	the	SR	
model	of	matter,	but	is	not	supposed	to	tell	us	anything	new	about	matter.	

•  	Moreover,	very	different	material	systems	can	have	the	very	same	energy-
momentum	tensor,	the	same	mass-energy	distribution;	just	knowing	the	energy	
tensor	does	not	tell	us	whether	we	have	an	electromagnetic	field	or	a	viscous	fluid.		

•  In	short:	knowing	a									does	not	tell	us	the	nature	of	the	matter	present.	It	only	
tells	us	one	of	its	(derivative)	properties,	and	even	that	in	typically	a	highly	idealised	
fashion.		
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Why does Einstein suddenly allow for singularities? 

Einstein’s	1926	correspondence	with	
Yuri	Rainich	shows	the	genesis	of	the	
key	ideas	in	the	Einstein-Grommer	
paper.		



Rainich’s Physica Note 

•  On	21	February	 1926	Rainich	 sent	Einstein	 an	article	he	had	 just	
submitted	 to	 `Physica'.	 In	 the	 paper,	 Rainich	 criticizes	 an	
argument	from	a	paper	Einstein	had	published	in	November	1925,	
entiteld	`Electron	and	Relativity	Theory'.		

•  Einstein	 had	 argued	 that	 any	 theory	 which	 i.)	 represents	 the	
electromagnetic	field	by	an	antisymmetric	tensor	and	ii)	which	has	
a	 solution	 capable	 of	 representing	 an	 electron	 with	 negative	
charge	-e	and	mass	m,	will	also	allow	for	a	solution	with	charge	+e	
and	 mass	 m.	 Einstein	 considered	 every	 such	 theory	 as	 in	
contradiction	with	experience.	

•  Rainich	 now	 argued	 that	 the	 theory	 would	 only	 contradict	
experiment	if	 it	would	allow	for	a	solution	in	which	both	negative	
and	 positive	 electrons	 existed	 without	 moving	 towards	 one	
another.		

		



Rainich’s Physica Note 

•  Rainich	 stated	 that	 in	 a	 linear	 theory	 the	 existence	 of	 a	 static	
electron	 and	 a	 static	 `positron’	 solution	 would	 indeed	 imply	 a	
static	 solution	 in	 which	 the	 two	 coexist	 without	moving	 toward	
one	another.	

	
•  However,	 in	 a	non-linear	 theory	 like	GR,	 the	 existence	 of	 such	 a	

solution	 is	not	 implied.	 	 In	a	 letter	 to	Einstein	 from	5	April	 1926,	
Rainich	 adds	 that	 in	 contrast	 to	 a	 linear	 theory,	 in	 a	 non-linear	
theory	 the	 field	 of	 one	 particle	 may	 heavily	 constrain	 the	
properties	the	second	particle	can	have.		

		



Einstein’s immediate reaction 

``I	hurry	to	answer	your	letter,	happy	that	you	struggle	with	the	
same	 questions	 as	 I	 myself	 have	 for	 such	 a	 long	 time,	 to	 no	
avail.	 The	 cardinal	 question	 is	 of	 course	 whether	 one	 should	
think	 of	 electricity	 as	 continuous	 or	 made	 up	 of	 singularities.	
The	 latter	 option	 seems	 easier	 at	 first	 sight,	 since	 one	 could	
then	 just	 stick	 with	 the	 Maxwell	 equations	 without	 adding	
anything	 to	 them.	 ...	 	 [But	 i]t	 won't	 be	 possible	 to	 gain	 the	
equations	of	motion	of	electricity	in	this	way...	.	I	am	convinced	
that	 one	 could	 find	 a	 strict	 solution	 on	 the	 basis	 of	 the	
gravitational	 equations	 +	 Maxwell	 equations,	 which	 would	
represent	the	case	of	two	electrons	at	rest	(as	singularities).	For	
the	 case	 in	 which	 the	 particles	 in	 question	 have	 no	 electric	
charge	 this	 has	 already	 been	 shown	 by	Weyl	 and	 Levi-Civita	
(special	 case	 of	 axial	 symmetry).	 	This	 would	 show	 that	 your	
plan	cannot	be	carried	out.'’	Einstein	to	Rainich,	18	April	1926.		

		



Rainich insists 

``I	cannot	tell	you	how	grateful	I	am	for	your	letters,	which	give	me	
the	feeling	that	I	am	not	working	in	a	vaccuum.	-	But	I	have	to	say	that	

your	last	letter	did	not	convince	me...	.	[...]	'’	Rainich	to	Einstein,	23	
May	1926.		

	
	
	
	
	

Ø  In	what	follows,	Rainich	insists	on	the	points	of	his	previous	letter:	
it	is	not	clear	that	GR	admits	a	solution	that	should	be	interpreted	
as	representing	two	particles	(represented	as	singularities)	at	rest	

with	respect	to	one	another.	



Between 23 May and 6 June 1926 

•  I	 conjecture	 that	 between	 Rainich's	 letter	 of	 23	 May	 and	 Einstein's	 answer	 of	 6	
June,	 Einstein	must	 have	 gone	 back	 to	 the	 papers	 by	 Levi-Civita	 and	Weyl	 (and	
Bach)	that	he	had	referred	to	in	his	previous	letter.	

•  For	 if	 he	had,	 and	 if	 he	had	put	Rainich's	Physica	 note	next	 to	Bach's	 and	Weyl's	
1922	 paper	 discussing	 the	 axisymmetric	 solution	 of	 two	 approximately	 spherical	
bodies,	he	would	have	seen	their	point	---	in	line	with	Rainich	---	that	this	two-body	
solution	 is	 not	 the	 superposition	 of	 two	 static	 one-particle	 solutions.	 Instead,	
starting	from	two	one-particle	solutions,	the	way	in	which	the	particles	can	co-exist	
and	form	a	two-particle	solution	is	heavily	constrained	in	a	non-linear	theory.		

•  In	 particular,	 in	 the	 Bach-Weyl	 solution	 there	 is	 a	 singularity	 along	 the	 z-axis	
between	the	two	particles	that	is	responsible	for	keeping	the	particles	at	rest	with	
respect	to	one	another.			



How Einstein repurposes the Bach-Weyl (BW) 
solution in the Einstein-Grommer paper 

•  Weyl’s	aim	had	been	to	find	a	solution	to	the	vaccuum	field	equations	that	could	be	
interpreted	as	 respresenting	 two	gravitating	particles	 at	 rest	with	 respect	 to	one	
another.	He	found	that	such	a	solution	exists,	but	that	it	has	a	singularity	along	the	
z-axis	separating	the	two	particles.		

•  Einstein	now	implicitly	demanded	that	singularities	are	only	allowed	to	exist	at	the	
points	where	the	particles	are	located.	

•  He	 interprets	 the	BW-solution	as	 representing	one	particle	subject	 to	an	external	
gravitational	field.	He	then	asks	what	has	to	happen	 in	the	Bach-Weyl	solution	 in	
order	to	get	rid	of	the	singularity	along	the	z-axis.		

•  He	finds	that	this	is	only	possible	if	the	external	gravitational	field	vanishes	at	the	
point	where	the	particle	exists.		

•  Thus,	he	concludes,	in	the	full,	non-linear	theory,	there	is	no	physical	solution	of	a	
particle	at	rest	but	subject	to	an	external	gravitational	field.		



The jump from the Bach-Weyl solution to the 
problem of motion 

•  Einstein	concludes	that	in	the	full,	non-linear	theory,	there	is	no	physical	solution	of	
a	particle	at	rest	but	subject	to	an	external	gravitational	field.		

•  Thus,	he	says,	in	GR	it	follows	from	the	field	equations	that	a	particle	cannot	be	at	
rest	when	subject	to	a	gravitational	field.	

•  So	 the	 field	 equations	 predict	whether	 a	 particle	moves;	 they	 predict	 that	 it	will	
move.		

•  From	here	it	is	only	a	small	step	to	expect	the	field	equations	to	determine	how	the	
particle	will	move.		

Ø  The	problem	of	motion.	



Rainich insists 

``I	cannot	tell	you	how	grateful	I	am	for	your	letters,	which	give	me	
the	feeling	that	I	am	not	working	in	a	vaccuum.	-	But	I	have	to	say	that	

your	last	letter	did	not	convince	me...	.	[...]	'’	Rainich	to	Einstein,	23	
May	1926.		

	
	
	
	
	

Ø  In	what	follows,	Rainich	insists	on	the	points	of	his	previous	letter:	
it	is	not	clear	that	GR	admits	a	solution	that	should	be	interpreted	
as	representing	two	particles	(represented	as	singularities)	at	rest	

with	respect	to	one	another.	



Einstein to Rainich: the core question of 6 June 
1926 

``I	completely	agree	with	your	main	point.	If	a	theory	has	a	
solution	which	represents	two	electrons	at	rest,	then	it	is	
inadequate.	This	was	indeed	the	reason	why	I	thought	that	
I	had	to	reject	a	theory	which	regards	electrons	as	
singularities.	For	I	had	thought	to	have	seen	that	any	such	
theory	would	have	solutions	with	electrons	at	rest.	But	it	
now	seems	that	I	was	wrong	about	this.	Either	way,	this	is	
the	core	question:	A	theory	is	sensible	only	if	it	allows	to	
derive	the	equations	of	motion	of	particles	without	any	
extra	assumptions.	Whether	the	electrons	are	treated	as	
singularities	or	not	does	not	really	matter	in	principle.'’	
Einstein	to	Rainich,	6	June	1926	(emphasis	in	original).		

		



A change in what the “core question” is 

•  Einstein's	 core	 question	 on	 18	 April	 1926:	 whether	 particles	 are	 modeled	 by	
continuous	fields	or	by	singularities. 		

•  Einstein's	 core	 question	 on	 6	 June	 1926:	 whether	 the	 equations	 of	 motion	 of	
particles	(however	modeled)	follow	from	the	field	equations. 			

•  Note	 how	 Einstein	 keeps	 the	 admission	 of	 singularities	 in	 the	 theoretical	
description	 heavily	 constrained:	 Only	 material	 objects	 are	 allowed	 to	 be	
represented	 by	 singularities,	 but	 singularities	 outside	 of	 matter	 are	 not	 to	 be	
admitted.	

•  Why?	Remember	Einstein’s	view	of	matter	in	the	context	of	GR:	it	is	a	blind	spot	of	
the	 theory,	as	a	 theory	only	of	gravitational	fields,	a	blind	 spot	 to	be	 illuminated	
only	by	GR’s	successor	theory.	
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A New Approach: Deriving equations of motion 
from vaccuum field equations. 

	 ``We	 are	 thus	 led	 to	 a	 third	 approach	
which,	 apart	 from	 the	 gravitational	 and	 the	
electromagnetic	field,	does	not	admit	any	other	
field	 variables,	 ...	 but	 instead	 admits	 singular	
world	 lines.	 ...	 It	 has	 turned	 out	 that	 the	
equations	 of	 motion	 of	 the	 singularities	 are	
completely	 determined	 by	 the	 field	 equations	
and	the	character	of	the	singularities.'’	 	Einstein	
and	Grommer	1927.	



The new way applied to GR  
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How to do it? 

•  	Reformulate	the	Einstein	field	equations	as	a	surface	integral.	

•  Pick	a	`singular	curve'	supposed	to	represent	the	path	of	a	material	particle.	
		

•  Obtain	an	`equilibrium	condition'	for	the	energy-pseudo-tensor	of	the	gravitational	
field	around	the	curve.		(Here	Einstein	repurposes	another	of	Weyl’s	papers.)	

		
•  Approximate	the	metric	field	around	the	singular	curve	by	splitting	the	total	metric	

into	an	`inner	metric’										and	an	`outer	metric’									.Observe	that	the	`outer	metric'	
is	entirely	regular.	

•  Integrate	the	surface	integral	`around'	the	curve.	
	 		

Ø  	Then	it	follows	that	the	curve	is	a	geodesic	of	the	outer	metric		
	

�̄µ⌫ ¯̄�µ⌫

¯̄�µ⌫
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Problems of the approach: Accepting singularities 

•  `A	singularity	is	not	even	part	of	spacetime.	How	should	it	be	possible	to	
describe	its	motion	in	said	spacetime?	It	does	not	make	sense!’	

•  Possible	answer	1:	 Indeed	 the	singularity	 is	not	part	of	 spacetime.	But	
Einstein	and	Grommer	do	not	take	 it	 to	be	part	of	the	theory	they	are	
developing;	 the	 singularity	 is	 a	 place-holder	 for	 something	 that	 is	 not	
described	 by	GR.	 Just	 like	 representing	 the	Sun	 by	 the	Schwarzschild	
solution	of	the	Einstein	field	equations	does	not	commit	us	to	thinking	
that	 there	 `really'	 is	 a	 singularity	 at	 its	 center,	 the	 Einstein-Grommer	
approach	does	not	commit	us	to	thinking	of	matter	as	`really'	singular.	
It's	an	approximation.		



Problems of the approach: Getting rid of 
singularities; but is it matter? 

•  `A	singularity	is	not	even	part	of	spacetime.	How	should	it	be	possible	to	
describe	its	motion	in	said	spacetime?	It	does	not	make	sense!’	

•  Possible	 answer	 2:	 Even	 though	 Einstein	 and	 Grommer	 choose	 the	
`inner	metric'	 in	 such	a	way	 that	 there	 is	a	 singularity	at	 r=0,	 it	 seems	
that	their	argument	does	not	depend	on	this.	They	could	leave	the	inner	
metric	 undetermined	 and	 only	 judge	 that	 the	 curve	 surrounded	 and		
constrained	 by	 the	 specified	 outer	 metric	 is	 a	 geodesic	 of	 the	 outer	
metric.		

•  This	brings	about	a	new	problem	though:	why	should	said	geodesic	be	
interpreted	as	the	path	of	a	material	particle?	



Possible Solution: Using knowledge external to GR 

d

The	astronomers	tell	us	which	of	the	paths	around	the	sun	is	Mercury’s	path.	We	
then	ask	whether	the	field	equations	can	tell	us	that	the	respective	path	is	a	
geodesic.	Answering	this	question	does	not	need	to	include	a	theoretical	
representation	of	Mercury	itself.	
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Conclusion 

•  I	started	out	by	reviewing	Einstein's	and	Grommer's	three	ways	in	which	the	
field	equations	and	the	equations	of	motion	for	particles	could	be	related:	i)	
the	Newtonian	way,	 ii)	the	T	way,	and	 iii.)	by	way	of	using	only	the	vacuum	
field	equations	and	allowing	for	singularities.	

•  I	showed	why	Einstein	disliked	ii),	and	how	he	came	to	follow	iii.)	instead.	The	
turning	point	towards	Einstein	allowing	for	singularities	to	represent	material	
particles	 took	 place	 in	 Einstein's	 correspondence	with	Yuri	 Rainich,	 and	 his	
reconsidering	the	Bach-Weyl	solution	during	the	correspondence.			

•  We	then	 looked	at	Einstein's	and	Grommer's	proof	method,	and	suggested	
that	a)	modeling	particles	as	singularities	is	not	as	problematic	as	one	might	
think,	and	b)	that	it	might	be	possible	to	rid	the	approach	of	singularities.		
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